The features of the ordinary least squares method, which gives a possible way to a solution of the overdetermined systems of algebraic equations and allows to estimate the uncertainties of the obtained solutions, are considered. As the important physical example we define four-loop QCD coefficients in the dependence of the relation between pole and running heavy quarks masses on the number of light flavors, using the existing results of numerical supercomputer based calculations of the corresponding four-loop contributions at different fixed numbers of light flavors. Stability of the found solutions to the number of the considered equations and unknowns is demonstrated and supported by the Pearsons's χ-squared test.
I. INTRODUCTION
The problem of the asymptotic character of the series of perturbation theory (PT) in quantum field theory has been attracted the attention of the theoreticians for quite a long time (see e.g. [1] and references therein). In the φ 4 -theory definite progress in its description was made in the well-known work [2] . The similar approach, though with less predictive ability, was applied for analysis of the asymptotic structure of the perturbative QED series in Ref. [3] and of the Yang-Mills theory in Ref. [4] (for review of these and other related works see e.g. [5] ).
In the studies of the asymptotic nature of the perturbative QCD series for the physical quantities, evaluated in the MS-scheme, the renormalon-based methods are more widely used (see e.g. [6] , [7, 8] , [9] ). In this work we consider the QCD series of PT for relation between pole and MS-scheme running masses of heavy quarks with its infrared renormalon (IRR) asymptotic structure, derived in Refs. [10] and [11] .
This relation, which sometimes briefly called as the MS-on-shell relation, read
where m q (µ 2 ) and M q are the MS-scheme running scale-dependent and pole (or on-shell (OS)) masses of heavy quarks correspondingly, a s = α s /π, α s is the QCD coupling constant, defined in the MS-scheme.
The one-, two-and three-loop terms z
m , z
m were calculated in Refs. [12] , [13] [14] [15] and [16, 17] respectively. In the case of the color gauge group SU(3) these coefficients, normalized by the condition µ 2 = M where corrections of the second and third orders of PT depend on the number of massless quarks n l . Note that we consider here the case of one heavy flavor and n l massless ones, i.e. the number of active quarks n f = n l + 1. Moreover, it is easy to understand from the diagrams, which are responsible for renormalization of the two-point Green function of quarks fields, that the contribution z
m of the i-th order of PT is the polynomial of (i − 1)-th degree in n l . Indeed, in the i-th order of PT the gluon propagator, renormalizing scalar twopoint quark correlator, contains (i − 1) inserts of fermion loops, each of which gives a factor, proportional to n l . In the presented below studies we focus on the four-loop contribution z m -term for n l = 3, 4, 5 were first obtained at the Super-Computer Lomonosov of MSU [18] with the help of semi-analytical calculations in Ref. [19] and later found with higher precision at various fixed values of 0 ≤ n l ≤ 20 in Ref. [20] .
At the first glance it may seem that the four-loop contribution in the relation between pole and running masses in QCD is not huge. However, the situation is not so transparent. Indeed, as already mentioned above, the PT QCD series for these physical quantities are asymptotic with the IRR dominated factorially growing coefficients. Therefore, it is important from both phenomenological and theoretical points of view to fix the number of order of PT from which the asymptotic nature of the PT series will manifest itself. This task is more relevant for the cases of bottom and top-quark pole masses. Indeed, for c-quark the O(a 3 s )-contribution to the MS-on-shell relation has already exceeded the O(a 2 s )-term, and in the case of the b-quark three-loop correction is still remains less than two-loop one. Hence, to understand better when the asymptotic structure of the relation between pole and running masses of the b (and heavier t) quark is manifesting itself it is important to know the magnitude of the O(a 4 s )-correction and its n l -dependence. In this work we study the problem of the flavor dependence with the help of the application of the ordinary least squares method (LSM), previously used in Refs. [21, 22] . It was formulated by Gauss and independently by Legendre long time ago (∼ in 1800) to find approximate solutions of the overdetermined systems of algebraic equations. This method has basically two main applications: the first, the most widespread and well-known, permits to determine the uncertainties of the unknown parameters, entering into the set of the solved equations, while the second, less commonly used at present, allows to evaluate the central values of the solutions of the overdetermined systems of these equations (see e.g. [23] ).
II. APPLICATION OF THE LEAST SQUARES METHOD
A. The case of four unknowns
As was already noted above the expression for z 
To get the values of four coefficients z (4s) m at 0 ≤ s ≤ 3 in Eq.(2.1) we apply the LSM to the results of numerical calculations [20] of the four-loop z (4) m -contribution with the corresponding n l -dependent mean-square uncertainties at fixed number of light flavors from the wide range 0 ≤ n l ≤ 20. However, in our analysis we restrict ourselves by the consideration of the results of Ref. [20] from the interval 3 ≤ n l ≤ 15, where the lower bound corresponds to the real number of existing heavy quarks, while the upper bound matches to the number of massless flavors at which the QCD property of the asymptotic freedom does not violated (n l < 31/2). Indeed, this condition follows from the negativity of the first coefficient β 0 of the QCD β-function, viz β 0 = −1/4(11 − 2/3(n l + 1)) < 0 [24, 25] . Taking into account the foregoing we derive the following overdetermined system of equations for the coefficients z 
In accordance with LSM we have to enter the Ψ-function, which is equal to sum of the squares of deviations of all equations in the system (2.2):
where index k takes all values equal to the number N of equations in the system (2.2) (in this particular case we have N = 13), f l k is the column of the numbers in r.h.s. of this system with their uncertainties ∆f l k . The LSM solutions of the overdetermined system (2.2) correspond to the such values of z m -terms using the law of accumulation of errors: m -terms demonstrate the signalternating in n l structure of the four-loop contribution z (4) m , which is observed at the twoand three-loop levels of PT QCD results as well.
B. The case of two unknowns
In fact the coefficients of the leading and sub-leading in n l terms in expansion (2.1) are known in analytical form from the calculations of Ref. [27] . The obtained numerical expression of z (43) m -coefficient is in agreement with its value previously found in Ref. [28] in the process of evaluating the contribution from the renormalon-chain of fermion oneloop insertions into the MS-on-shell heavy quark mass relation. These exactly computed coefficients have the following numerical form: It is interesting now to study whether the LSM-expressions (2.6) will be affected by fixing the explicitly known numbers of Eq.(2.8). Combining them with the results of calculations [20] we transform the system of Eqs.(2.2) to the similar one, which contains two unknown coefficients z 
In this case the analogs of formulas (2.3) and (2.4) take the following form: where y l k are the numbers, presented on the r.h.s. of the system (2.9) with N = 13 linear equations. The expressions for the corresponding LSM-uncertainties have the following simplified representation:
Applying formulas (2.10) and (2.11) we obtain the numerical values for the constant and linearly dependent on n l terms to the four-loop contribution z m -terms practically do not change when the number of unknowns is halved. At the same time the uncertainties of these coefficients are reduced noticeably.
The task of solving the system (2.9) has a simple geometric interpretation: it is necessary to draw a straight line optimally based on the given 13 points on the plane in the coordinates y l (n l ). In this case coefficients z 
mterm was fixed in [20] as the value of the four-loop contribution z (4) m at n l = 0 and it did not take into account the correlation effects with other expressions, obtained at nonzero values of n l , whereas the result (2.12) is extracted from the data for 3 ≤ n l ≤ 15 and therefore takes into consideration these effects. As the result the uncertainty of z (40) m -term in Eq.(2.12) is sligly smaller than one, presented in Ref. [20] .
The interesting effects are observed when the physical number of heavy quarks flavors are considered [21] only, namely 3 ≤ n l ≤ 5. In this case the LSM system read 
m n l k (see Eq.(2.10)) form a sample of values of a normal random quantity with mathematical expectation close to zero and some variance σ 2 . This statement can be verified using the Pearson's χ-squared test (see e.g. [29] ). Of course, for a reliable answer to this question it is necessary to have a sufficiently large number of input sample points, that is not observed in the considered cases (N = 13). However, as a first approximation we can estimate the value of the Pearson's χ 2 -parameter for our problem. For this aim we should build a grouped statistical series of absolute frequencies. First of all we determine ξ min = min{ξ k }, ξ max = max{ξ k }, fix the number m of grouping intervals and the length of these intervals h = (ξ max − ξ min )/m. Secondly, we find the right bounds of group intervalsξ j = ξ min + jh and their centersξ j =ξ j + h/2, where 1 ≤ j ≤ m. The absolute frequenciesñ j are defined as the number of elements ξ k belonging to the interval (ξ j−1 ;ξ j ). Taking this discussion into account one can obtain the following Table: jξ jξjñj n j Table we At the next stage we should fix the theoretical frequencies n j , obtained for the normal distribution law, which are the product of the total number of random quantities ξ k and the probability p j = hΦ((ξ j − ξ)/σ)/σ, where Φ-function is the standard normal distribution function Φ(u) = exp(−u 2 /2)/ √ 2π. The theoretical non-rounded frequencies n j , calculated in this way, are represented in the Table. Now everything is ready for application of the χ-squared test. For this goal we consider Therefore the maximum likelihood function will have a form close to Gaussian, namely All above mentioned discussions reflect the elegance of the LSM, which is a truly powerful fitting procedure. Moreover, as we have seen the LSM allows to check the self-consistency of the results of the four-loop numerical computations, presented in [20] , and outcomes of analytical four-loop calculations, performed in Ref. [27] . The numerical values of the fourth order contributions to the relation between pole and MS-scheme running masses of charm, bottom and top-quarks with taking into account the LSM-results for z m -terms can be found in Refs. [21, 22] .
III. CONCLUSION
Applying the ordinary method of the least squares to the overdetermined system of algebraic equations with 3 ≤ n l ≤ 15 we define not only the values of the two yet unknown in analytical form coefficients in the four-loop contribution to relation between pole and running masses of heavy quarks but also fix their corresponding uncertainties. The central values of these terms are consistent with a high degree of accuracy with the results of the numerical calculations, presented in Ref. [20] . To demonstrate the stability of the least squares method to the number of equations and the number of unknowns variables we consider two separate situations: when the number of equation is equal to 3, namely 3 ≤ n l ≤ 5, and when we do not take into account the results of analytical computations for the leading n 3 l and subleading n 2 l -terms [27] . It is interesting to note that in both cases the central values of all unknown terms are almost the same as the previously obtained values at 3 ≤ n l ≤ 15, while them uncertainties increase no more than 10 times. The validity of application of the least squares method is explained by the Pearson's χ-squared test and the maximum likelihood method. The presented in this work description of the LSM clarifies the special features of its applications for the determination of the explicit dependence on the number of lighter flavors of the four-loop approximations between pole and MS-scheme running heavy quarks masses. Naturally, the application of the LSM is not limited only to this problem and it also may be used in future for solving other tasks, where it is necessary to obtain the generalized solutions of the overdetermined systems of algebraic equations.
